In this paper we are engaged with classical orthogonal polynomials. We deduce relations for the reproducing kernels for these polynomials without derivations. By the using this form of reproducing kernels of classical orthogonal polynomials we deduce some inequalities for polynomials with special weight function. This enabled us to derive some inequalities for orthonormal polynomial with special weight function. It allows us to deduce general statement for every orthonormal polynomial with a nonnegative weight function on a finite interval of orthogonality.
Introduction
A very important class of orthogonal polynomials are so called classical orthogonal polynomials. In this article we draw attention to some properties of these polynomials and their generalizations. We express relationships for reproducing kernels of these polynomials without derivations.
For a system {p n (x)} ∞ n=0 of orthonormal polynomials, p n (x) = a (n) n x n + a (n) n−1 x n−1 + a (n) n−2 x n−2 + . . ., we have created reproducing kernels by ChristoffelDarboux formula (see [7] , Theorem 3.2.2)
n+1 (x)p n (t) −p n (x)p n+1 (t)
x − t .
For t → x we get
wherep n (x) = dpn(x) dx
. Al-Salam and Chihara [1] have shown that all classical orthogonal polynomials satisfy differential recurrence relations Π(x)p n (x) = (xα n + β n ) p n (x) + ω n p n−1 (x) ,
where Π(x) is certain polynomial of degree at most second and α n , β n , ω n are constants. In the publications [8] and [9] Von Bachhaus derived recurrent relations for a large class of orthogonal polynomials (for which a homogeneous linear second order differential equation is valid)
where g n (x) and f n (x) are some rational functions. These facts allow us to rewrite the relationship (2) without derivations. Other uses of recurrence formulas can be found in [2, 3, 4, 6] .
Relationships for reproducing kernel of classical orthogonal polynomials
The simplest form of such a relationship will probably give the normalized Hermite polynomials. These have the form H n (x) = 2 n x n + summands of lower order.
We will need some basic properties ( [7] relationships (5.5.1) and (5.5.10))
Hence the normalized form of Hermite polynomials H n = 1 arẽ
We deduce the ratio of coefficients a
this ratio is equal to
So we have got a differential recurrence relationH n (x) = √ 2nH n−1 (x) and the relation (2) for the reproducing kernel
If we substitute forH n (x) = √ 2nH n−1 (x), we get the expression for the reproducing kernel of the system of Hermite polynomials without derivations
For Laguerre polynomials it applies
n n! x n + summands of lower order, thus, the coefficient at the highest power is a
where Γ (x) is the Gamma function. So, the normalized form of the system of Laguerre polynomials L n = 1 is
The ratio of coefficients a
n+1 will therefore have the form
The relationship (2) for the kernel of Laguerre polynomials is
Laguerre polynomials satisfy further equality ( [5] section VI., subsection §1, relationship (27))
and for normalized Laguerre polynomials has this equality the form
The ratio
has the form
, and therefore the relation for the derivation of Laguerre polynomials is
Substituting this relation into (6) we get the form of the reproducing kernel for the system of Laguerre polynomials without derivations
The coefficient at the summands x n of Jacobi polynomial has the form ( [5] section VII., subsection §1, relationship (15))
.
The norm of Jacobi polynomials is given by ([5] section VII., subsection §1, relationship (24))
The normalized form of Jacobi polynomial P n = 1 is thereforẽ
and ratio of coefficients a
n+1 will have the form
The kernel (2) for Jacobi polynomial has the form
For the derivation of the Jacobi polynomials holds the following equality ( [7] relationship (4.5.7))
If we denote A n = (2n + α + β), B n = −n [(2n + α + β) · x + β − α] and C n = 2 (n + α) (n + β), then the previous relationship can be written as
Using the norm γ n we get the form of the derivation of the normalised Jacobi polynomial
After adjusting
where
and substituting the relations above into the relation for the kernels of Jacobi polynomials we get a relationship in which already is no derivation of the polynomial
After substituting A n , B n and C n we get the form of the reproducing kernel of the Jacobi polynomial without the derivation (see (8) , (9) and (10))
3 Inequalities for systems of orthonormal polynomials using reproducing kernel functions
Let {p n (x)} be a system of orthonormal polynomials with the weight function w (x) on the interval I and let {q n (x)} be a system of orthonormal polynomials associated with the weight function W (x) = w (x) δ (x) on the same interval I, where for the function δ (x) the condition
holds. Polynomialq n (x) may be written in the form
where for coefficients c i we apply
dx,
Therefore we can write
For ortonormal polynomials q n (x) by the Schwarz inequality and also by using of reproducing kernel of the system {p n (x)} follows
and finally
Theorem 3.1. Let {p n (x)} be a system of orthonormal polynomials with the weight function w (x) on the interval I and let {q n (x)} be a system of orthonormal polynomials associated with the weight function W (x) = w (x) δ (x) on the same interval I, where δ (x) has a lower boundedness m (i.e. 0 < m ≤ δ (x)).
Then the polynomialq n (x) is bounded with the estimation
Proof. The statement of the theorem is a relationship (13).
Some applications of the Therem 3.1. for classical orthogonal polynomials
Using the previous relations for reproducing kernels of classical orthogonal polynomials (5), (7), (11) and the Theorem 3.1, we obtain the following estimates:
1. if the system {p n (x)} is a system of Hermite orthonormal polynomials (w (x) = e −x 2 , I = (−∞; ∞))
2. if the system {p n (x)} is a system of Laguerre orthonormal polynomials (w (x) = x α e −x , I = (0; ∞), α > −1)
, where a
3. if the system {p n (x)} is a system of Jacobi orthonormal polynomials
, and C n = 2 (n + α) (n + β) and ratios of coeficients a
n+1 and γ n−1 /γ n are given by (9) and (10).
It will be interesting to pay attention to a special case of Jacobi polynomials namely Legendre polynomials, i.e. the case where α = 0, β = 0 and w (x) = 1. In this case the previous boundary has the form
where (see (9))
and ratios of coefficients γ n /γ n+1 and γ n−1 /γ n are given as
After substituting (15), (16) and (17) into the relationship (14) we have
Sujetin in the publication ( [5] , p. 118, relationship (4)) publishes an estimates for the normalized Legendre polynomials, namely
Using this estimate we will ultimately receive for |x| ≤ 1 
Based on the the foregoing considerations, we can make the following statement.
Theorem 4.1. Let {q n (x)} be an orthonormal system of polynomials on the finite interval (-1;1) with the weight function W (x), which satisfies the following condition 0 < m ≤ W (x) .
Then on the interval (−1; 1) the following estimate applies
Proof. Legendre polynomial is an orthogonal polynomial on the interval (−1; 1) with the weight function w (x) = 1. Therefore any polynomial with the weight function W (x), which satisfies 0 < m ≤ W (x), according to the Theorem 3.1 satisfies the boundary derived above.
Let pay attention to the cases of endpoints of the interval of orthogonality (−1; 1) . According to the Theorem 3.1 we apply the boundary |q n (x)| ≤ n + 1 m (K n (x, x)) 1/2 , the kernels K n (x, x) can be expressed as
At endpoints of the interval of orthogonality of Legendre polynomials (−1; 1) hold P n (1) = 1, P n (−1) = (−1) n .
For normalized Legendre polynomials further it applies P n (x) = 2n + 1 2 P n (x).
At endpoints of the interval of orthogonality thereforẽ P n (1) = 2n + 1 2 ,P n (−1) = (−1) n 2n + 1 2 .
The kernel at the point ±1 will have the form Based on the foregoing, we can pronounce the following statement.
Theorem 4.2. Let {q n (x)} be an orthonormal system of polynomials with the weight function W (x) on (−1; 1), which satisfies the following condition 0 < m ≤ W (x). Then at points −1, 1 will apply |q n (±1)| ≤ 1 √ 2m (n + 1) 3/2 .
